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Quark Mixing: The CKM Matrix

Effect of the basis transformation:
Mass matrices become diagonal
Interaction with Reφ0 (= Physical Higgs Boson)
becomes diagonal !
Interaction with Imφ0 (= Z0) becomes diagonal !

LReφ0 = −Reφ0[ULY uUR +DLY dDR]

LImφ0 = −Imφ0[ULY uUR −DLY dDR]

NO FLAVOUR CHANGING NEUTRAL CURRENTS
(at tree level in the Standard Model)
→ GIM Mechanism
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Effect on the charged current ONLY:
Interaction with φ−:∑

ij

Q̄i(yiδij + y ′ij)φ−τ−P+qj + h.c.

= DLY uURφ− + h.c.
= D̄LUd ,†(UdUu,†)Y u

diagW uURφ− + h.c.

In the charged currents flavour mixing occurs!
Parametrized through the
Cabbibo-Kobayashi-Maskawa Matrix:

VCKM = UdUu,†
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Properties of the CKM Matrix

VCKM is unitary (by our construction)
Number of parameters for n families

Unitary n × n matrix: n2 real parameters
Freedom to rephase the 2n quark fields:
2n − 1 relative phases

n2 − 2n + 1 = (n − 1)2 real parameters
* (n − 1)(n − 2)/2 are phases
* n(n − 1)/2 are angles

Phases are sources of CP violation
n = 2: One angle, no phase→ no CP violation
n = 3: Three angles, one phase
n = 4: Six angles, three phases
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CKM Basics

Three Euler angles θij

U12 =

 c12 s12 0
−s12 c12 0

0 0 1

 , U13 =

 c13 0 s13
0 1 0

−s13 0 c13

 , U23 =

 1 0 0
0 c23 s23
0 −s23 c23



Single phase δ: Uδ =

 1 0 0
0 1 0
0 0 e−iδ13

 .

PDG CKM Parametrization:

VCKM = U23U†δU13UδU12

Large Phases in Vub = |Vub|e−iγ = s13e−iδ13 and
Vtd = |Vtd |eiβ
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CKM Unitarity Relations

VCKM =

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb


Off diagonal zeros of V †CKMVCKM = 1 = VCKMV †CKM

V †CKMVCKM = 1 :


VubV ∗ud + VcbV ∗cd + VtbV ∗td = 0
VubV ∗us + VcbV ∗cs + VtbV ∗ts = 0
VusV ∗ud + VcsV ∗cd + VtsV ∗td = 0

VCKMV †CKM = 1 :


VudV ∗td + VusV ∗ts + VubV ∗tb = 0
VudV ∗cd + VusV ∗cs + VubV ∗cb = 0
VcdV ∗td + VcsV ∗ts + VcbV ∗tb = 0
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Wolfenstein Parametrization of CKM

Diagonal CKM matrix elements are almost unity
CKM matrix elements decrease as we move off the
diagonal
Wolfenstein Parametrization:

VCKM =

 1− λ2/2 λ λ3A(ρ− iη)
−λ 1− λ2/2 λ2A

λ3A(1− ρ− iη) −λ2A 1


Expansion in λ ≈ 0.22 up to λ3

A, ρ, η of order unity
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Unitarity Triangle(s)

The unitarity relations:
Sum of three complex numbers = 0
Triangles in the complex plane
Only two out of the six unitarity relations involve
terms of the same order in λ:

V ∗ubVud + V ∗cbVcd + V ∗tbVtd = 0
V ∗udVtd + V ∗usVts + V ∗ubVtb = 0

Both correspond to

Aλ3(ρ + iη − 1 + 1− ρ− iη) = 0

This is THE unitarity triangle ...
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Definition of the CKM angles α, β and γ
To leading order Wolfenstein:

Vub = |Vub|e−iγ Vtb = |Vtb|e−iβ

all other CKM matrix elements are real.
δγ is order λ5
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Aerea of the Triangle(s): Measure of CP Violation
Invariant measure of CP violation:

Im∆ = ImVudV ∗tdVtbV ∗ub = c12s12c2
13s13s23c23 sin δ13

Maximal possible value δmax = 1
6
√

3
∼ 0.1

CP Violation is a small effect:
Measured value δexp ∼ 0.0001
CP Violation vanishes in case of degeneracies: (Jarlskog)

J = Det([Mu , Md ])

= 2iIm∆(mu −mc)(mu −mt)(mc −mt)

×(md −ms)(md −mb)(ms −mb)
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