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Volume Operator

Geometrical Operators: Volume, Length, Area

Volume Operator [Rovelli, Smolin ’92 & Ashtekar, Lewandowski ’93]

Classical Volume VR = VR(E)

Volume Operator bVR = VR(bE)

bVR acts on ψ(A)

Discrete spectrum

Important also for bH
Up to now purely kinematical result
Could survive also dynamically

Volume of different regions

R1 = 0 R2 = 0 R3 6= 0 R4 = 0
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Loop Quantum Cosmology
Consistency of LQG

Dynamics

Solutions of Quantum – Einstein – Equations

Quantum – Einstein – Equations:
bGψphys = 0, bDψphys = 0, bHψphys = 0

bGψ = 0, bDψ = 0 can be solved, solutions live in HG
Diff

More complicated: bHψ = 0 yields to Hphys

bH modifies (dual) graph

General solutions so far unknown
within LQG

However, also classical Einstein’s Eqns
cannot be solved analytically
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Loop Quantum Cosmology (LQC)

LQC: Symmetry Reduced Model of LQG [Kastrup, Bojowald ’98]

Assumes homogeneous and isotropic symmetry of cosmological FRW –
models ds2FRW = −dt2 + a(t)(dx2 + dy2 + dz2)

Ansatz for AFRW(e) and EFRW(S)

One obtains:

Poisson algebra for AFRW(e) and EFRW(S)
Simplified form of the constraints:

Gj(A
FRW,EFRW) = 0, H(AFRW,EFRW) = 0 and Da(A

FRW,EFRW) = 0

Dirac – Quantisation analogous to full LQG – theory for symmetry
reduced system

Resolution of classical Big Bang singularity, big bounce

Caution with generalisations to full LQG [Brunnemann, Thiemann ’05]
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Properties of Quantum – Einstein – Equations

Knowledge about Quantum – Einstein – Equations

General solutions are unknown due to complicated mathematical structure

To judge significance of special solutions one needs Hphys

Semiclassical Properties of Quantum – Einstein – Equations

What do we know about the semiclassical properties of the
Quantum – Einstein – Equations?

Can we for instance rediscover General Relativity in the
semiclassical limit of LQG?
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Consistency Check for any new Theory

Minimal Requirements for LQG

GR

LQG

QFT

〈ĝµν〉≈ηµν~→0
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Hamiltonian constraint versus true Hamiltonian

GR is a fully constrained theory Hcan =
R
σ

N(x)H(x) + Na(x)Da(x) ≈ 0

QFT with Standard Model has non – vanishing Hamiltonian HSM 6= 0

Conceptual problem

Can we map GR into a true Hamiltonian system?
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Option 2 for quantisation
Observables for GR & Evolution
Quantisation
Semiclassical Analysis

Reduced Phase Space Approach

Reduced instead of Dirac Approach

Gauge dof are reduced at the classical level, Construction of observables

Observables O in GR are gauge invariant quantities, that is
{O,Gj} = {O,Da} = {O,H} ≈ 0

Therefore also {O,Hcan} ≈ 0 −→ problem of time in GR

We need to find generator of their dynamics, physical Hamiltonian
Hphys 6= 0

Only physical dof are quantised, algebra of observables, direct access to
Hphys
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Explicit Construction of Observables for GR

Problem of time in GR: Gauge and physical evolution, Hcan ≈ 0
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Choose clocks which lead to (partially) deparametrised form of GR
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Brown-Kuchǎr-Mechanism [’95]

Add Dust Lagrangian to Gravity + Standard Model

Dust action

Sdust = −
1

2

Z

M

d4X
p

|det(g)|ρ(gµνUµUν + 1)

where Uµ = −T,µ + WJS
J
,µ is the four velocity, J = 1, 2, 3

After solving second class constraints for ρ and WJ we are left with T, SJ

Uµ = gµνUν is a geodesic, fields SJ are constant along geodesics, T
defines proper time along each geodesic

T becomes clock with values τ and Sj becomes ruler with values sJ

Dust fields mimic a free falling observer which is dynamically coupled to
GR
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Observables with respect to Dust Clock & Rulers

Space time points are labelled by τ and sj

(s1=1,s2=4,s3=35)

(s1=8,s2=0.3,s3=44)

x

τ proper time on each geodesic

x′
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Option 2 for quantisation
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Quantisation
Semiclassical Analysis

Observables

Task 1: Observables: Gravity + any other standard matter

Relational formalism [Rovelli ’90],
Power series expression for observables [Dittrich ’05]

For any f not depending on dust dof we construct observables

f 7→ Of,{T,SJ}(τ, s
J), qab 7→ OA,{T,SJ}(τ, s

J)

For simplicity use shorter notation:
OA,{T,SJ}(τ, s

J) := A(τ, sJ), OE,{T,SJ}(τ, s
J) := E(τ, sJ)
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Dynamics of Observables

Task 2: Physical Hamiltonian for GR

Hphys =

Z

S
d3sH(s) with H(s) =

q
(Hnd)2 − QIJDnd

I Dnd
J

Hphys 6= 0 is non − vanishing

F(τ, s)

dτ
= {Hphys,F(τ, s)} true physical evolution

Hphys ∼

Z

S
d3sHnd + · · · = HSM + . . .

Kristina Giesel Loop Quantum Gravity



Geometrical Operators
LQG: Dynamics

Reduced Phase Space Formulation
Summary & Outlook

Dynamics revisited

Option 2 for quantisation
Observables for GR & Evolution
Quantisation
Semiclassical Analysis

Reduced Phase Space Quantisation

Task 3: Quantisation

We need to find representation for observable holonomy – flux algebra
{A(e),E(S)}

Additionally bHphys must implementable as a well defined operator

Possible to quantise the system with these requirements

Hphys looks very much like standard Hkin from Dirac quantisation

Quantum Einstein Equations

dÂ(e)

dτ
= [Â(e), bHphys],

dÊ(S)

dτ
= [Ê(S), bHphys]

Framework is based on combinatorial graphs, close to formulation of
standard lattice gauge theory

However, classical GR ist defined on a given manifold and thus needs
embedding

Manifold picture is only a semiclassical concept
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= [Ê(S), bHphys]

Framework is based on combinatorial graphs, close to formulation of
standard lattice gauge theory

However, classical GR ist defined on a given manifold and thus needs
embedding

Manifold picture is only a semiclassical concept

Kristina Giesel Loop Quantum Gravity



Geometrical Operators
LQG: Dynamics

Reduced Phase Space Formulation
Summary & Outlook

Dynamics revisited

Option 2 for quantisation
Observables for GR & Evolution
Quantisation
Semiclassical Analysis

Reduced Phase Space Quantisation

Task 3: Quantisation

We need to find representation for observable holonomy – flux algebra
{A(e),E(S)}

Additionally bHphys must implementable as a well defined operator

Possible to quantise the system with these requirements

Hphys looks very much like standard Hkin from Dirac quantisation

Quantum Einstein Equations
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Basis of Hkin

Spin network functions [Ashtekar, Isham, Lewandowski, Rovelli, Smolin ’90]

j1

j2
j3

j4

j5

j6
j7

j8

j9

j10

j11

j12
j13

j14

j15

j16

j17

j18

j19

j20

j21

j22

j23

Kristina Giesel Loop Quantum Gravity



Geometrical Operators
LQG: Dynamics

Reduced Phase Space Formulation
Summary & Outlook

Dynamics revisited

Option 2 for quantisation
Observables for GR & Evolution
Quantisation
Semiclassical Analysis

Reduced Phase Space Quantisation

Task 3: Quantisation

We need to find representation for observable holonomy – flux algebra
{A(e),E(S)}

Additionally bHphys must implementable as a well defined operator

Possible to quantise the system with these requirements

Hphys looks very much like standard Hkin from Dirac quantisation

Quantum Einstein Equations
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= [Ê(S), bHphys]

Framework is based on combinatorial graphs, close to formulation of
standard lattice gauge theory

However, classical GR ist defined on a given manifold and thus needs
embedding

Manifold picture is only a semiclassical concept

Kristina Giesel Loop Quantum Gravity



Geometrical Operators
LQG: Dynamics

Reduced Phase Space Formulation
Summary & Outlook

Dynamics revisited

Option 2 for quantisation
Observables for GR & Evolution
Quantisation
Semiclassical Analysis

One infinite algebraic Graph

Algebraic graph with cubic topology
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Fundamental Algebraic Graph

Information about embedding are encoded in coherent states
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Semiclassical Analysis of the Quantum – Einstein – Equations

Coherent States for LQG [Sahlmann, Thiemann, Winkler ’03, Bahr ’06]

Only non – perturbative Techniques are allowed

Coherent states for harmonic oscillator

z0 := q0 + ip0, â = q̂ + ip̂ then ψz0 := e−
|z0|2

2

∞P
n=0

zn0√
n!
|n〉

〈ψz0 , q̂ψz0〉 = q0 and 〈ψz0 , p̂ψz0〉 = p0

Coherent States for LQG: (A0,E0) then ψA0,E0

〈ψ, A0,E0Â(e)ψA0,E0〉 = A0(e) + O(~) ,
〈ψ, A0,E0Ê(S)ψA0,E0〉 = E0(S) + O(~)

Aim:
〈ψA0,E0 ,

bHphysψA0,E0〉 = Hphys(A0,E0) + O(~)
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〈ψ, A0,E0Â(e)ψA0,E0〉 = A0(e) + O(~) ,
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Option 2 for quantisation
Observables for GR & Evolution
Quantisation
Semiclassical Analysis

Semiclassical Limit [K.G., Thiemann 06 – ’07]

Theorem: For any sufficiently fine X(α) and any (A0,E0)

1. Exp. value:

〈ψ(A0,E0) , bHphys ψ(A0,E0)〉 = Hphys(A0,E0) + O(~)

2. Fluctuations: 〈 bH2
phys〉ψ(A0,E0)

−
`
〈 bHphys〉ψ(A0,E0)

´2
= O(~)

Recall: Minimal Requirements for LQG

GR

LQG

QFT

〈ĝµν 〉≈ηµν~→0
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Summary

Loop Quantum Gravity: Current Research Topics

Geometrical objects become operators in LQG, example volume

General Solution of Quantum Einstein Equations unknown

Progress in the context of Loop Quantum Cosmology

Consistency Check for LQG: Semiclassical Sector

Problem of Time in GR, observables for GR

Reduced Phase Space Quantisation:

By means of reference dust fields gauge dof can be reduced
classically, gravitational Higgs
Dynamics is described by a true physical Hamiltonian Hphys

Conceptually clear how to make contact to ordinary QFT,
simpler to make extract physical implications in that model
Of course still technical problems and open issues:
Anomalies, Quantum – diffeomorphisms, regularisation
techniques, ...
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Scattering Theory with Quantum Spacetime

Scattering Theory [work in progress K.G., K.G. Tambornino, Thiemann, K.G., Hofmann]

Now we have a true physical Hamiltonian Hphys

Develop S – Matrix – Techniques

Usually quantum matter is put onto fixed classical space time
ψm, (M, gµν)

Here full quantum state ψg ⊗ ψm

Conceptual Task: What are incoming and outgoing states here?

Idea: Use coherent states in gravitational sector, contact to QFT on
curved spacetimes

Technical problem to solve: Sufficient stability of coherent states

Kristina Giesel Loop Quantum Gravity



Geometrical Operators
LQG: Dynamics

Reduced Phase Space Formulation
Summary & Outlook

Dynamics revisited

Scattering Theory with Quantum Spacetime

Scattering Theory [work in progress K.G., K.G. Tambornino, Thiemann, K.G., Hofmann]

Now we have a true physical Hamiltonian Hphys

Develop S – Matrix – Techniques

Usually quantum matter is put onto fixed classical space time
ψm, (M, gµν)

Here full quantum state ψg ⊗ ψm

Conceptual Task: What are incoming and outgoing states here?

Idea: Use coherent states in gravitational sector, contact to QFT on
curved spacetimes

Technical problem to solve: Sufficient stability of coherent states

Kristina Giesel Loop Quantum Gravity



Geometrical Operators
LQG: Dynamics

Reduced Phase Space Formulation
Summary & Outlook

Dynamics revisited

Scattering Theory with Quantum Spacetime

Scattering Theory [work in progress K.G., K.G. Tambornino, Thiemann, K.G., Hofmann]

Now we have a true physical Hamiltonian Hphys

Develop S – Matrix – Techniques

Usually quantum matter is put onto fixed classical space time
ψm, (M, gµν)

Here full quantum state ψg ⊗ ψm

Conceptual Task: What are incoming and outgoing states here?

Idea: Use coherent states in gravitational sector, contact to QFT on
curved spacetimes

Technical problem to solve: Sufficient stability of coherent states

Kristina Giesel Loop Quantum Gravity



Geometrical Operators
LQG: Dynamics

Reduced Phase Space Formulation
Summary & Outlook

Dynamics revisited

Scattering Theory with Quantum Spacetime

Scattering Theory [work in progress K.G., K.G. Tambornino, Thiemann, K.G., Hofmann]

Now we have a true physical Hamiltonian Hphys

Develop S – Matrix – Techniques

Usually quantum matter is put onto fixed classical space time
ψm, (M, gµν)

Here full quantum state ψg ⊗ ψm

Conceptual Task: What are incoming and outgoing states here?

Idea: Use coherent states in gravitational sector, contact to QFT on
curved spacetimes

Technical problem to solve: Sufficient stability of coherent states

Kristina Giesel Loop Quantum Gravity



Geometrical Operators
LQG: Dynamics

Reduced Phase Space Formulation
Summary & Outlook

Dynamics revisited

Scattering Theory with Quantum Spacetime

Scattering Theory [work in progress K.G., K.G. Tambornino, Thiemann, K.G., Hofmann]

Now we have a true physical Hamiltonian Hphys

Develop S – Matrix – Techniques

Usually quantum matter is put onto fixed classical space time
ψm, (M, gµν)

Here full quantum state ψg ⊗ ψm

Conceptual Task: What are incoming and outgoing states here?

Idea: Use coherent states in gravitational sector, contact to QFT on
curved spacetimes

Technical problem to solve: Sufficient stability of coherent states

Kristina Giesel Loop Quantum Gravity



Geometrical Operators
LQG: Dynamics

Reduced Phase Space Formulation
Summary & Outlook

Dynamics revisited

Scattering Theory with Quantum Spacetime

Scattering Theory [work in progress K.G., K.G. Tambornino, Thiemann, K.G., Hofmann]

Now we have a true physical Hamiltonian Hphys

Develop S – Matrix – Techniques

Usually quantum matter is put onto fixed classical space time
ψm, (M, gµν)

Here full quantum state ψg ⊗ ψm

Conceptual Task: What are incoming and outgoing states here?

Idea: Use coherent states in gravitational sector, contact to QFT on
curved spacetimes

Technical problem to solve: Sufficient stability of coherent states

Kristina Giesel Loop Quantum Gravity



Geometrical Operators
LQG: Dynamics

Reduced Phase Space Formulation
Summary & Outlook

Dynamics revisited

Scattering Theory with Quantum Spacetime

Scattering Theory [work in progress K.G., K.G. Tambornino, Thiemann, K.G., Hofmann]

Now we have a true physical Hamiltonian Hphys

Develop S – Matrix – Techniques

Usually quantum matter is put onto fixed classical space time
ψm, (M, gµν)

Here full quantum state ψg ⊗ ψm

Conceptual Task: What are incoming and outgoing states here?

Idea: Use coherent states in gravitational sector, contact to QFT on
curved spacetimes

Technical problem to solve: Sufficient stability of coherent states

Kristina Giesel Loop Quantum Gravity



Geometrical Operators
LQG: Dynamics

Reduced Phase Space Formulation
Summary & Outlook

Dynamics revisited

Quantum Cosmology

Quantum Cosmology

Loop Quantum Cosmology [Bojowald, Ashtekar ...]

Symmetry reduced version of LQG

Resolution of Big Bang singularity

What happens in full LQG? Mimic quantum FRW spacetime

Quantum black holes, Hawking effect

Quantum cosmological perturbation theory [work in progress K.G., Hofmann]

Quantise linear perturbations within LQG

Could there be fingerprints of perturbations in WMAP data?

Do we obtain different results using LQG quantisation techniques?
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Conceptual Questions, Discreteness of Spacetime

Observer dependent QFT [work in progress K.G.]

reduced LQG is QFT for a free falling observer

Is it enough to work with observer dependent QFT?

How can we transform to other observers in the quantum theory, unitary
maps?

Discreteness of Spacetime

Is spacetime fundamentally discrete?

If yes what are the physical consequences?

Can we probe modified dispersion relations by means of GRBs?
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Summary & Conclusions

A last time back to the Dynamics of Loop Quantum Gravity
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