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What are Yukawa couplings?

Yukawa couplings are the couplings between fermions and Higgs
fields. In the SM:

LYuk = −ybbRQLεH + h.c.

After electroweak symmetry breaking:

LYuk = −ybbR

(
tL
bL

) (
0 −1
1 0

)(
v + H0

H−

)
+ h.c.

→ −ybvbRbL + . . . + h.c.

Compare to a mass term in the Lagrangian density:

Lmass = −mbbRbL + h.c.
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But we have three generations?!

It is easy to extend this to three generations (→ 1/2 Nobelprize 2008):

LYuk = −(yb)ij
(
dR

)
i (QL)j εH + (yt )ij

(
tR

)
i (QL)j εH

c + h.c.

The CKM Matrix connects gauge with mass eigenstates.
In the SM we get 13 free parameters from the Yukawa couplings.
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SUSY Yukawas?

In SUSY there have to be at least two Higgs doublets Hu and Hd .

LYuk = −ybbRQLεHd − yττRLLεHd − yt tRQLεHu + h.c.

These doubletts have the vevs vu and vd with the ratio

tan β =
vu

vd

?≈ ytvu

ybvd
=

mt

mb
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GUT Yukawas?

In GUTs the fermions sit in larger representations, e.g. in SU(5):

LYuk =
y√
2




0 tc3 −tc2 t1 b1

−tc3 0 tc1 t2 b2

tc2 −tc1 0 t3 b3

−t1 −t2 −t3 0 τ+

−b1 −b2 −b3 −τ+ 0




ij




b1

b2

b3

τ+

−νc
τ




i




0
0
0
0
v




j

+ h.c.

→ − y√
2

v
(
bb + ττ

)
+ h.c.

Alternative with a 45-dim. Higgs field → mµ/ms = 3 [Georgi and
Jarlskog, ’79]
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So what are the mass ratios at the GUT scale?

So what are the mass ratios at the GUT scale (≈ 2 · 1016 GeV)?

� Top-down approach: Prediction from theory → low-energy theory?
→ SUSY threshold effects necessary!

� Bottom-up approach: Extrapolate masses to GUT scale [Fusaoka
and Koide ’98, Xing et. al. ’07] (no SUSY thresholds included) →
Inclusion? [Antusch and Spinrath, arXiv:0804.0717 to appear in Phys.
Rev. D]
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Yukawa and Feynman

On tree level in the MSSM we have:

��

��
���

State of the art (at least) one loop:

��

�����
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”Wrong” Higgs coupling diagrammatic
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”Wrong” Higgs coupling in the Lagrangian

This ”wrong” Higgs couplings give tan β enhanced corrections to the
down type masses:

L = −ybbRQLεHd + δỹbbRQLεH
c
u + h.c.

→ −(ybvd + δỹbvu)bRbL + h.c.

⇒ mb = m(0)
b

(
1 +

δỹb

yb
tan β

)

For the up type quarks:

mt = m(0)
t

(
1 +

δỹt

yt

1
tan β

)
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Matching relations

How are the low-energy (non-SUSY) related to the high-energy
(SUSY) Yukawa couplings?

For the down-type fermion Yukawa couplings:

yMSSM
i =

ySM
i

cos β(1 + εi tan β)
,

where ySM
i = mi/v , εi = δỹi/yi and i = d , s, b, e, µ, τ .

For the up type quarks we use:

yMSSM
i =

ySM
i

sin β
,

where i = u, c, t
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Parameter sets

SUSY parameter in TeV Case g+ Case g− Case a

mf̃ [0.5, 1.5] [0.5, 1.5] [0.5, 1.5]
M1 [0.5, 1] [0.5, 1] [1.65, 3.3]
M2 [1, 2] [1, 2] [0.5, 1]
M3 [3, 6] [3, 6] [-9, -4.5]
µ 0.5 -0.5 0.5
At [-1, 1] [-1,1] [-1,1]

MSUSY 1 1 1

� The parameters are chosen in the TeV region such that we can use only one
matching scale and neglect EW symmetry breaking effects.

� The cases g± are inspired by universal gaugino masses
(M1 : M2 : M3 ≈ 1 : 2 : 6).

� Case a is inspired by anomaly-mediated SUSY breaking
(M1 : M2 : M3 ≈ 3.3 : 1 : −9).
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Impact of the sparticle spectrum
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Figure: Scatter plots illustrating the ranges of GUT scale ratios of the masses resp.
Yukawas for case g+, g− and a for tanβ = 30, 40 and 50, taken from [Antusch and
Spinrath, arXiv:0804.0717].
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Conclusions

� The SUSY threshold corrections have to be included for
discussions of Yukawa couplings above the SUSY scale.

� The corrections can help to the realize the Georgi Jarlskog
relations and complete third family Yukawa unification.

� The corrections also allow many other possible values for the
mass and Yukawa coupling ratios at the GUT scale.

Martin Spinrath (MPI für Physik) Quark and lepton masses at the GUT scale ATSchule ’08 17 / 18



The End

Thanks for your attention
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Backup: Feynman diagrams with charged leptons
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Figure: Feynman diagrams contributing to the tan β enhanced SUSY threshold corrections to
charged lepton Yukawa couplings.

Martin Spinrath (MPI für Physik) Quark and lepton masses at the GUT scale ATSchule ’08 19 / 18



Backup: Down type quark SUSY threshold corrections

For the down type quarks we can decompose ε i = εG
i + εB

i + εW
i + εyδib in the EW

unbroken phase, with

εG
i = −2αS

3π

µ

M3
H2(uQ̃i

, ud̃i
) , (1a)

εB
i =

1
16π2

"
g′2

6
M1

µ

“
H2(vQ̃i

, x1) + 2H2(vd̃i
, x1)

”
+

g′2

9
µ

M1
H2(wQ̃i

, wd̃i
)

#
, (1b)

εW
i =

1
16π2

3g2

2
M2

µ
H2(vQ̃i

, x2) , (1c)

εy = − y2
t

16π2

At

µ
H2(vQ̃3

, vũ3
) , (1d)

where uf̃ = m2
f̃
/M2

3 , vf̃ = m2
f̃
/µ2, wf̃ = m2

f̃
/M2

1 , x1 = M2
1 /µ2 and x2 = M2

2 /µ2 and
where all mass parameters are assumed to be real.
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Backup: Charged lepton SUSY threshold corrections

For the charged leptons we can decompose ε i = εB
i + εW

i

εB
i =

1
16π2

"
g′2

2
M1

µ

“
−H2(vL̃i

, x1) + 2H2(vẽi
, x1)

”
− g′2 µ

M1
H2(wL̃i

, wẽi
)

#
, (2a)

εW
i =

1
16π2

3g2

2
M2

µ
H2(vL̃i

, x2) . (2b)

There is no εG
i for the leptons, because they do not participate in the strong interaction

and the contribution equivalent to ε y is suppressed by the heavy mass scale of the
right-handed neutrinos in the seesaw mechanism.

The function H2 is defined as

H2(x , y) =
x ln x

(1 − x)(x − y)
+

y ln y
(1 − y)(y − x)

. (3)
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